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ABSTRACT 

We present a gauge-fixed M 5-brane action: a 6-dimensional field 
theory of a self-interacting (0,2) tensor multiplet with 32 world- 
volume supersymmetries. The quadratic part of this action is 
shown to be invariant under rigid OSp(8*\4) superconformal sym- 
metry, with 16 supersymmetries and 16 special supersymmetries. 

We explore a deep relation between the superconformal symme- 
try on the worldvolume of the brane and symmetry of the near 
horizon anti-de Sitter infinite throat geometry of the M 5-brane 
in space-time. 
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1 Introduction 



M 5-brane [1] is one of the most interesting super symmetric extended objects 
with the rare property of being completely non-singular ||. The recently 
discovered kappa-symmetric action of the M 5-brane is the most mysterious 
one [§, U). The superembedding approach to the M 5-brane theory was 
developed in and it gives a covariant set of equations of motion of the 
theory in a beautiful geometrie setting. The gauge-fixed M 5-brane action 
describes a 6-dimensional action of a self-interacting (0,2) tensor multiplet 
with 32 worldvolume supersymmetries ||. 

There is a growing interest to a 6-dimensional super conformai theory 
which should describe the small ffuctuations (and possibly interactions) of 
the M 5-brane (M 5-branes) J7], ^ |9[]. The standard lore here goes as follows: 
"The (0, 2) theory of k 5-branes of M theory has a moduli space of vacua 
(R 5 ) k /Sk- At the origin of the moduli space, the theory is super conformai 
and has U(k) gauge symmetry" [10]. It seems also that not much of this is 
actually understood. The most difficult part of making this picture realistic 
is related to our inability at present to construct a non-Abelian interaction of 
k (0,2) supersymmetric tensor multiplets. This is different from the picture 
of interacting D-branes where the underlying Yang-Mills field theory of non- 
Abelian vectors fields is available. In fact, not much is known even about 
the superconformal theory of one tensor multiplet in d=6. Only the on shell 
super conformai tensor multiplet in d=6 as well as an on shell conformai 
super current super field are known [JTTJ . 

The purpose of this paper is to study various aspeets of the M 5-brane 
theory. We present a detailed exposition and derivation of the K-symmetric 
M 5-brane action ^ |J in our notation which are given in Appendix A. We 
further present a detailed derivation of the gauge-fixed action || describing 
the self-interacting (0,2) tensor multiplet and its 32 global supersymmetries, 
half of which are of the Volkov-Akulov type. 

The quadratic part of this action, the free action of the tensor supermul- 
tiplet, will be explicitly shown to be invariant under superconformal sym- 
metry with 16 supersymmetries and 16 special supersymmetries. This su- 
perconformal symmetry of the 6-dimensional theory has a bosonic part with 
5*0(6,2) = S'0(8*)-symmetry, which is exactly the symmetry of the space- 
time M 5-brane near the horizon. The near horizon geometry is given by 
adSi x S 4 JT2j. The superconformal symmetry forms an OSp(8*|4) algebra 



whose bosonic part is SO(Q,2) x USp(A). 
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In the process of proving the super conformai symmetry of the (0,2) free 
tensor multiplet action we have found that in general, except in the very 
first paper on Wess-Zumino model the concept of rigid super conformai 
symmetry was not developed to the extent which is required to establish the 
presence or absence of superconformal symmetry of generic non-gravìtatìonal 
theories. In [R] rigid superconformal transformations for scalar multiplets in 
presence of a background metric are discussed. In most cases the locai super- 
conformal symmetry was developed in the past, in particular in 6-dimensional 
case the superconformal matter couplings to supergravity were presented in 



[13]. Since the actions of kappa-symmetric branes gauge-fixed in a fiat target 
space are not gravitational actions but rather actions of matter multiplets, 
we have worked out the concept of rigid superconformal symmetry in general. 

We observeQ the fascinating relation between the enhancement of super- 
symmetry near the M 5-brane horizon and emergence of superconformal su- 
persymmetry for the small fluctuations of the 5-brane. The M 5-brane con- 
figuration in the bulk breaks 1/2 of the supersymmetry of 11-dimensional 
supergravity. The brane interpolates between the Minkowski M 11 space at 
infinity, which is maximally supersymmetric, and adS-j x S 4 near the hori- 
zon, which is also maximally supersymmetric [Q. The symmetry of the 



supersymmetric adSj space-time is the symmetry of the superconformal field 
theory on the brane. At present we do not have a clear explanation of the 
relation between enhancement of supersymmetry in space-time and emer- 
gence of special conformai symmetry on the brane. However we have found 
the relation between the bosonic symmetries of the anti-de Sitter space and 
conformai symmetry on the brane. 

In the past it was often conjectured that conformai supersingleton field 
theories will provide the action for small fluctuations of the superbranes. A 
discussion of this conjecture with respect to near horizon geometry of var- 
ious branes with extensive list of references can be found in the paper of 



Gibbons and Townsend []I2]. We recali the singletons are the most funda- 
mental representations of the anti-de Sitter group SO(p + 1,2). In case of 
5*0(6,2) they are called doubletons. The supersymmetric singleton (double- 
ton) field theories live on the boundary of adS p+2 space, given by S p x S 1 . 
The singleton field theories have some number of scalars and spinors and the 
action has a superconformal symmetry. The doubleton supermultiplet forms 
an ultra-short representation of the OSp(8*\4) superconformal algebra and 

1 We are grateful to J. Maldacena who attraeteci our attention to this 
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has 5 scalars, a chiral spinor (0,2) and an antisymmetric tensor with self-dual 
fìeld strength |16|]. The equation of motions of the doubleton theory, which 
lives on 5 5 x 5 1 boundary of the adS-j space-time have a super conformai 



symmetry 17 



We will find that the small fluctuations of the M 5-brane are indeed given 
by the doubleton supermultiplet of adSy group. However, the quadratic part 
of the M 5-brane, gauge-fixed in a fiat 11-dimensional space, defines fields 
on the 6-dimensional Minkowski space, it is super conformai invariant and 
different from the super conformai doubleton field theory since the equations 
of motion are different. After verifying the superconformal symmetry of 
the small excitations of the M 5-brane we will find that the self-interaction 
of the single M 5-brane in a fiat 11-dimensional background violates the 
superconformal symmetry of the quadratic approximation. 

The paper is organized as follows. In Sec. 2 we introduce the concept 
of rigid conformai symmetry of non-gravitational theories. For theories with 
supersymmetry the conformai symmetry leads to the appearance of the sec- 
ond special supersymmetry via the commutator of usuai supersymmetry with 
special conformai symmetry. We discuss the superconformal algebra in gen- 
eral case and the one relevant to M 5-brane theory, an OSp(8*\4) algebra. 
Using a 'triality' of 5*0(6, 2) one can write down a manifestly symmetric su- 
peralgebra with graded (fermionic) bosonic (anti) commutators. In Sec. 3 
we present the OSp(8*\4) superconformal algebra in more familiar form with 
only 6-dimensional symmetry manifest: we have 50(5, 1) Lorentz symmetry, 
translations, special conformai symmetry and dilatation, i.e. 28 generators of 
5*0(6,2) bosonic conformai symmetries. Next, there are 16 supersymmetries 
and 16 special supersymmetries and also the generators of internai symme- 
try, an USp(A) ~ Spin(5) group. We further recali the properties of the 
doubleton representation of the OSp(8*\A) superconformal algebra [H>] and 
the doubleton field theory |L7| . 

In Sec. 4 we present a free theory of the (0,2) tensor multiplet in d=6 and 
prove that it has a superconformal symmetry. We contrast our superconfor- 
mal action for the small excitations of the M 5-brane with the doubleton field 



theory [17 



Sec. 5 describes the M 5-brane action in fiat 11-dimensional space and 
gauge-fixing of locai symmetries on the brane, reparametrization and kappa, 
which leads to the theory of the self-interacting (0,2) tensor multiplet. The 
quadratic part of this action is shown to coincide with the action of the free 
theory of the (0,2) tensor multiplet. The interaction terms are shown to 
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break superconformal symmetry of the free action. 

In Sec. 6 we explore the connection between superconformal symmetry on 
the worldvolume and M 5-brane as a classical BPS solution of lld supergrav- 
ity which near the horizon tends to adS? x S A geometry with enhancement 
of supersymmetry near the horizon. We display the relation between the lin- 
early realized SO(6,2) part of superconformal symmetry of the adS-j space 
(considered as a hypersurface in an 8-dimensional space) and non-linearly 
realized superconformal symmetry SO(6,2) on the 6-dimensional worldvol- 
ume. In Conclusion we list our main new results. Appendix A contains the 
notations. They are rather extensive as we have to deal with spinor struc- 
tures in 5*0(10, 1), SO(5, l)and SO(6,2) theories. Appendix B has some 
useful information on rigid superconformal symmetry for non-gravitational 
theories and finally, Appendix C has details on the derivation of /t-symmetry 
of the M 5-brane. 



2 Superconformal symmetry in 
non-gravitational theories 

The superconformal group in the past was used as a tool for obtaining super- 
gravity actions with matter couplings invariant under locai super-Poincaré 
transformations in various dimensions [IIR P11 1201 . First the action was build 



with superconformal symmetry and then the conformai symmetry was gauge- 
fixed: the remaining action provided the action of supergravity coupled to 
ali possible matter multiplets. 

At present there is a growing interest to superconformal non-gravitational 
theories. In principle, for this purpose one can use the available information 
in the literature on locai superconformal theories and decouple supergrav- 
ity to be left with superconformal theories of matter multiplets. However, 
in practice, this is a rather complicated route. Therefore we will set up 
here a general procedure to define superconformal non-gravitational theo- 
ries directly avoiding introducing and decoupling gravity. This we cali rigid 
superconformal symmetry. First we consider the bosonic part of the super- 
conformal symmetry and after that the enlarging with supersymmetry. 
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2.1 Conformai transformations in dimension d > 2 



The bosonic part of conformai transformation in dimension d includes the 
Lorentz transformation M^ v of SO(d — 1,1), the translation P^, the special 
conformai transformation and the dilatation D Here fi = 0,1, ... , d— 
1. Ali these transformations can be nicely packaged in an algebra of the 
conformai group SO(d, 2) with generators = — M^, fi — 0, 1, . . . , d+ 1. 
Those include the Lorentz generators M^ u of the subgroup SO(d — 1,1), 
whereas translations , special conformai transformations and dilatations form 
the rest of the SO(d,2) algebra as follows: 

P lt = 2(M lid + M^ 1) ), K fl = 2(M^ d+1) -M fMd ), D = 2M (d+1)d . (2.1) 

Thus the conformai group is SO(d, 2) defined by the algebra 

[Mp, Mp»\ = v»[pM a]ù - VoipM^ , (2.2) 

where rj is the diagonal metric ( — h +... H — ). Corresponding to those con- 
formai generators {P^, M^ u , D, K^}, with the parameters {a^, X 1 ^, X D ,A^}, 
the generator of the infinitesimal conformai transformation is: 

5 C = a^P^ + \ZM^ + \ D D + A^K^ . (2.3) 

In general, fields 4> l {x) of the <i-dimensional theory have the following trans- 
formations under conformai group: 

+w t A D (x) (f> l (x) + A£ (k^Y (x) . (2.4) 

To specify for each field <f> 1 its transformations under conformai group one 
has to specify: 

i) transformations under the Lorentz group, encoded into the matrix 
("V^)Y The properties of the matrix m^ v which defines the Lorentz ro- 
tation can be found in appendix [FJ. 

ii) The Weyl weights, u>j. 

iii) Possible extra parts of the special conformai transformations (k^) 1 
(apart from those connected to translations, rotations and dilatations as 



shown below in fl2.5|) and (|2.6| )). Examples of such transformations can be 
found e. g. in case of fields forming a representation of the real N — 1 super- 
multiplet in d=4 with Weyl weight w: in particular, under special conformai 
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transformations the last component fìeld T> transforms as 5T> = —IwK^D^C 



where C is the first component of the real superfield pl| . The Weyl weight 
of (k^ 1 ) should be w — 1, and are mutually commuting operators. 

We now can explain the various terms and why the transformations are 
called rigid. The parameters {a M , À^, Ad, A^} are ali x-independent global, 
but the transformation of the fields does depend on the coordinates x of the 
ci-dimensional space via the x-dependent translation £ M (x), 

£"( x ) = a » + \Zx u + \ D x» + (x 2 A£ - 2x»x ■ A K ) , (2.5) 

x-dependent rotation A MfMU (x) and x-dependent dilatation A D (x): 

Amhu(x) = d[„£n] = Xmhv — 4x^A^;,] , 

A D (x) = \d P i P = \ D -2x-A K . (2.6) 

Here the x-dependent translation £ M (x) is the Killing vector satisfying 

dfrtv) - \^d P i p = . (2.7) 

In d=2 the Killing equations are reduced to d z ^ = = and this leads to 
an infinite dimensionai conformai algebra. In dimensions d > 2 the conformai 
algebra is finite-dimensional. 

With these rules the conformai algebra is satisfied. The question remains 
when an action is conformai invariant. We consider locai actions which can 
be written as S = J d d x £(0*(x), c^0*(x)), i.e. with at most first order deriva- 
tives on ali the fields. For and there are the usuai requirements of a 
covariant action. For the locai dilatations we have the requirement that the 
weights of ali fields in each term should add up to d, where counts also for 
1, as can be seen from ( |B.5| ). Indeed, the explicit Ad transformations finally 
have to cancel with 

C(x)d fl C « -(d^(x))C = -dA D (x)C . (2.8) 

For special conformai transformations one remains then with 

5 K S = 2A£ I d d x (-v^ + 2m^) + K^iK^) ■ 

(2.9) 

where d indicates a right derivative. The first terms originate from the 



i^-transformations contained in (2J3) and ( |2.6|) . In most cases these are 
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sufìicient to find the invariance and no {k^(fi) are necessary. In fact, the 
latter are often excluded because of the requirement that they should have 
Weyl weight Wi — 1, and in many cases there are no such fields available. 

Although we will show that this condition is satisfied for many dilatational 
invariant theories, it is non-trivial. As a counterexample we give the action 
of the scalars (fi 1 and (fi 2 (with Weyl weights (| — 1)) 

(l + ^(^)(^ 2 ) . (2.10) 

When proving special conformai symmetry of the (0,2) theory, we will use 
(|2.9| ) describing in general case the variation of the action under special 
conformai symmetries. 

Thus the lesson from this section is that to establish a rigid conformai 
invariance of a non-gravitational action in general one has to use the transfor- 
mations on fields as given above, see also Appendix B for additional details. 
The special conformai symmetry in general does not follow from Poincaré 
and dilatation symmetry and has to be established independently. 



2.2 The supersymmetric algebra 

Enlarging the conformai algebra with supersymmetry Q one automatically 
gets a second 'special' supersymmetry S as the commutator of K and Q. 
Furthermore in the anticommutator of Q and S appears apart from the 
conformai transformations also an 'internai' symmetry group. The algebras 
were classified in [E3]. To satisfy the theorem of Haag, Lopuszarisky and 



Sohnius, |24| the conformai group should appear as a factored subgroup of 
the bosonic part of the superalgebra, and the fermionic generators should sit 
in a spinorial representation of that group. In 6 dimensions this is satisfied 
with OSp(8*\2N). At first sight, this would give spinor generators in the 
fundamental of SO(8*). But SO(Q,2) has 'triality'. This means that the 
left-handed spinor, the right-handed spinor and the vector representations 
are ali equivalent. We will therefore first rotate the generators Mjxp to anti- 
symmetric objects in chiral (right handed) spinor space. This is done using 

i \ àj3 

the invertibility of (r^>) : 
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See appendix A.4 for the properties of gamma matrices in (6, 2) space. These 
properties imply that CT ^ are the only antisymmetric ones in chiral space 
(as they form already 28 independent matrices). We thus define 

M à$ = ~ (f ^) &$ Mfrp ; = \ (tp)*" M à$ . (2.12) 

In the new form, the 5*0(6, 2) algebra is 

C m M ¥ -C^M è]& , (2.13) 

where the charge conjugation matrix (symmetric in (6, 2)) plays now the role 
of metric. 

For (0,2) theories we want 16 supersymmetry generators + 16 special 
supersymmetries, which we find in OSp(8*\A), which implies that the internai 
symmetry group is USp(A) ~ 50(5). 

Orthogonal groups are defined by the transformations between vectors 
V* 1 , leaving invariant the inner product < V, V >= V J "rjja>V v (symmetric 
metric 77) . For orthosymplectic groups we introduce superspace vectors V A = 
(V a ,V l ), where the first ones are bosonic (8 in our case), and the latter 
ones fermionic (4 for us). The group is then defined by the transformations 
V A — » M A sl /E , leaving invariant the inner product 

<V,V>=V A r lAJ] V* : , (2.14) 



^AE=( C f o ) ■ (2.15) 



where we introduced the orthosymplectic metric 

VL tJ 

graded symmetric, i.e. symmetric in the upper left part, and the lower right 
part contains the antisymmetric metric of USp(4). 

Raising and lowering indices with this metric, we can write the generators 
with ali indices down, and using the notation for signs where (— ) a = 1, and 
(— Y = — 1 (i.e. in these sign factors the bosonic indices à get the value 0, 
and i is 1), we then have 

M AS = -M EA (-) EA , (2.16) 

which are of statistics (— ) S+A . Thus there are (introducing for future refer- 
ence the notation = Uji for what will become the USp{A) generators): 

bosonic : M &$ = —Mg. , U ió = My = M ói , 
fermionic : M ài = -M ià . (2.17) 



8 



Ali the (anti)commutators can then be written by the mie 

[M AS ,M rn } = ^rM m + ^ An M 2 r(-) n ( r+s ) 

-h sn M Ar (-) rn - ^ Ar M sn (-) sr . (2.18) 

The left hand side contains the graded commutator. This rule is thus the 
same as for the orthogonal groups, see e.g. ( p.2|) , apart from signs corre- 
sponding to the interchanges of indices (and we used that the 2 indices on rj 
have the same statistics). 

The bosonic subalgebra contains two parts. For ali indices of the bosonic 
type, we recover Q2.13|) . For the bosonic operators with two fermionic indices 



we find the unitary symplectic algebra: 

[Uij, Ukt] = Vti(kUe,)j + QjfcUty ■ (2-19) 

Due to the triality transformation, the commutators of the conformai 
algebra generators and the supersymmetries are now in the form 

[M flù ,M àl } = -\(f flù )jM $i , (2.20) 

while the symplectic transformations of the fermionic generators are 

[U^, M k& ] = -n k(i M j)& . (2.21) 

The operator D = 2M^ in vector indices becomes now proportional to r7 6 . 
According to ( |A.33j ) its eigenvectors will thus distinguish the chiral and an- 
tichiral parts of a spinor in 6 dimensions. This implies that the Q and S 
supersymmetries, which have respectively weight \ and —\ under the di- 
latations, correspond with the parts in the splitting of the spinors as in 
(POP . We thus define 



1 / Qa' 



M <* = i{s a J) • (2 ' 22) 

The anticommutators of these fermionic generators are 

{M«, M $j } = -\ (%M & ^ + C^U tj ) , (2.23) 
which we will explicitize below. 

Also here it is useful to introduce x-dependent supersymmetry parameters 
to describe rigid superconformal transformations |13| 



e(x) = e + 7^77, (2.24) 
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where e and r\ are the parameters of Q and S supersymmetry. The full 
generator of the infmitesimal transformations of the superconformal group is 
given by 

Ssc = 5 c + eQ + fjS + 8 u , 5 V = \a^U tj = a a ' b 'U aiy , (2.25) 

where in addition to conformai transformations defined above we have super- 
symmetry, special supersymmetry and internai symmetry transformations U. 



The superconformal algebra 
in six dimensions 



Here we will rewrite the superalgebra OSp(8*\4) in (|2.18 ), relevant for six- 



dimensionai (0,2) non-gravitational theory, in more standard terms. First 
we consider the 28-parameter conformai group 5*0(6, 2) which include the 21 
parameter Poincaré group, dilatations and special conformai transformations. 
The algebra is given by f\ ( |2.2| ), which, using the defmitions ( |2.1| ), gets the 
form 

[M, U ,M^] = -26]?M v fl , 

[Kp, M vp } = t]^ K pì , 
[Pp,K u ] = 2( %U D + 2M^) , 

[D,P,] = P», 

[D,Kp,j = -Kp. (3.1) 
On the fields this is realized as 

[M£i)> = Se (£" = C 2 dM - tìtefì . (3.2) 

The anticommutator of supersymmetries Q produces translation, that 
of the special supersymmetries S produces a special conformai transfor- 

2 In the 2-dimensional case the analogous set of generators (Mot, D, Po, Pi, Kq, K\) 
corresponds to a finite subgroup of the infinite dimensionai conformai group and is well 
known in terms of L_i = l(p -P 1 ) ì L = \D+M W , L x = \{K Q +K X ), L- X = \{P + Pi), 
Lq = i_D — Mio, Li = t;(Ko — Ki). Higher order L n , \n\ > 2 have no analogs in d > 2. 
The Q and S supersymmetries are in d = 2 the Neveu-Schwarz generators G_i and Gì 
respectively. 
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mation and fìnally the anticommutator of supersymmetry with the spe- 
cial supersymmetry produces a dilatation, a Lorentz transformation and an 
USp(4) fa Spin{h) rotation U lj : 

{Q l a „Q^} = -2( 7M )a^^>^, 

{Qi'iSfi = -2 Caip (Q i W + iU ij )-2(j flu ) al/3 ^M^ . (3.3) 

The USp(4) part of the algebra is ( p.!9| ). There is also a set of commutators 
between generators of conformai group and fermionic generators which carry 
the information that the supersymmetry and special supersymmetry trans- 
form as spinors under the Lorentz group and that the Weyl weight of Q(S) 
equals l/2(— 1/2) : 

[M^Qct) = -\il»vQt', [M IVÌ S i a ] = ~(^S) i a , 

[D,Q l a >] = \q\>, [DX] = ~\s i a . (3.4) 

There are two important commutators: i) between special conformai symme- 
try and supersymmetry, which produces special supersymmetry. This means 
that each time when the theory has special conformai symmetry and su- 
persymmetry, the special supersymmetry is guaranteed; ii) Translation and 
special supersymmetry generate supersymmetry. 

[K„ Qi> ] = (l,Sy a , [P„ Sì ] = {^Qt, . (3.5) 

Finally, there are commutators of supersymmetry and special supersymmetry 
with internai symmetry carry the information that the supersymmetry and 
special supersymmetry are in the fundamental representation of the internai 
group USp(4) as given in ( |2.21| ). 

This is a full set of generators of OSp(8*/4) supergroup which is a su- 
per extension of the anti-de Sitter group in 7 dimensions. Ali positive- 



energy unitary representations of this supergroup are constructed in [16 
using super-oscillators. In particular, the ultrashort multiplet, called dou- 
bleton was found in |Tj| by using one pair of oscillatore. The corresponding 



6-dimensional field theory was expected to contain a two-index antisymmet- 
ric tensor field with a self-dual field strength, 5 scalars and a (0,2) chiral 



spinor. The super conformai doubleton field theory was constructed in [17 
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In fact due to the self-duality of the tensor fields only the field equations were 
found. The theory was constructed for the fields which live on the bound- 
ary of the adSj which is an S p x S 1 space. The equations of motion were 
shown to transform into each other under the action of the superconformal 
transformations. In particular, the equation of motion for the 5 scalars of 
the doubleton field theory was found to be 

(V^ - 4)0°' = , (3.6) 

where the covariant derivative is due to the fact that the fields are coupled 
to the curved background of S p x S 1 . We will show below that the action of 
the free tensor multiplet in Minkowski 6-dimensional space is superconformal 
invariant and the equation of motion for 5 scalars, being a free equation, is 
different from ( |3.6| ). 



4 Small excitations of the M 5-brane 

We consider the following action which will be later shown to be a quadratic 
approximation of the gauge-fixed M 5-brane action: 

Sun = J d 6 x [-\H~ V H^ - \d,X a ' ■ d»X a ' + 2À . (4.1) 

This is the action of the free superconformal (0,2) tensor multiplet in a 6- 
dimensional Minkowski space |. There are 5 scalars X a , a right-handed 
16-component spinor A and a tensor field Bp V with on shell self-dual field 
strength. The auxiliary field a(x) was introduced by Pasti-Sorokin-Tonin 
2Bfl in order to write down a 6-dimensional Lorentz covariant action for a 



self-dual tensor. The derivative of the auxiliary field i>„ = ^ a is used to 



convert a 3-index field H^ vp into 2- index field H^ v : 



H^vp = Sd^B , H^ v = H pi/p v p . (4.2) 
The action depends on 



TT* _ TT* p TT* _ _ TTCTTlf) lA q\ 

n p,v ~ n iivp u i ^vp ~ g t M^P°" r </'- n ' K^- ) 



3 Recently an action of a free (0,1) tensor multiplet was presented in |2q| . This action 
was shown to be supersymmetric. Our proof that the action of (0,2) tensor multiplet is 
not only supersymmetric but also superconformally symmetric can be easily applied to 
(0,1) theory since our theory consists of a (0, 1) tensor multiplet and a hypermultiplct. 
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and 

h; u = ^(h^-h; v ) . (A A) 

The action is invariant under the locai symmetries I, II and III discovered in 



25 



I) 


òiBnv = 


2<9[ At A 1/ ] , 


II) 


àiiB^ = 




III) 


&inB pi/ 


= 1p[lxV„] , 



Sia = 

ip , S H a = ip 

Sma = . (4.5) 

Using these symmetries one can show that the field equation for the tensor 
field can be reduced to the self-duality condition: 

h; vp = ^{h, vp -h; vp ) = u. (4.6) 

The transformations I and III are reducible gauge invariances. First there is 
the usuai one for gauge antisymmetric tensors. But there is more: 



a) 




= d,A, 




b) 


% 






c) 




= u^A' , 


^ = -Vtfd^A' 



(4.7) 

The action is invariant under rigid conformai symmetry under condition 
that we assign the following weights to our fields 

w(X a ') = w{B^ v ) = 2 , w(a) = , w(X) = ^ . (4.8) 
It follows that 

w{v^) = , w(H^ p ) = w{H^ p v p ) = 3 . (4.9) 

One can easily see the Poincaré symmetries. For the special conformai trans- 
formations we have to check ( |2.9|) . It is satisfied separately for <p l representing 
the fields a, X a , A and B pv . In fact the mechanisms at work are typical for 
the usuai way in which dilatational invariant theories are often conformai 
invariant: 

1. a is a scalar of Weyl weight 0, such that both terms in the bracket of 
( |2.9|) are vanishing. 
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2. The term with <p l — > X a ' is a total derivative. 

3. A 2 falls in the category of spinors whose derivative appears in the action 
as jd\, and have Weyl weight (d — l)/2. The various terms in fl2.9|) 
cancel. 

4. Similarly .B^ with Weyl weight 2 belongs to the category of vectors 
or antisymmetric tensors whose derivatives appear as 9^5^,.,^,] with 
Weyl weight p — 1. Again with this weight the terms cancel in ( |2.9|) . 
This value of the Weyl weight is what we need also in order that their 
gauge invariances and their zero modes commute with the dilatations. 

The action is invariant under the super conformai supersymmetry trans- 
formations with left-handed parameter e and right-handed r\: 

5 e X a ' = -2e(x) 7 a 'A , 

6 e X = l(0X a ') la ,e(x) - \h+ upl ^e{x) + 2X a ' la ,r ] , 
5 e B pv = -2e(x) 7 ^A. (4.10) 

We remind that e(x) = 6 + 7^x^77 as explained in ( |2.24| ) with respect to rigid 
supersymmetries. Here the off shell (anti) self-dual tensor field strength is 
defined as 

/,± — 1 TT 3 TT^- 

= ±\H; vp -2v°v [a H^ 5] . (4.11) 

To prove the invariance one can use that under variations of a and H^ up we 
have 

ós lm = J d e x (^h; vp - p ) + -±= e ^ H ^ H;aVrd ^ a . 

(4.12) 

After taking the e- variations one adds partial derivatives such that the deriva- 
tives do not act on A. Then one finds that there only remain derivatives on 
e from the variation of A. We thus get 

6 e S lin = 2jd e x A 7 M {^X a ') la , - \K pa Y pa ) d,e(x) . (4.13) 
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Using d fl e(x) = 7^77, the second term drops due to the identity 7 /i 7 i/p °7 At = 0. 
The first term cari then be cancelled by the explicit 77 term in SX. Thus we 
have established that the action has an off shell superconformal supersym- 
metry as well as a set of gauge symmetries defined in ( |4.5|) . 

The equations of motion for the scalars of the free superconformal tensor 
multiplet in Minkowski space are 

d^d^X a ' = 0, (4.14) 



which is different from the equations for the doubletons ( |3.6| ) which was 
presented in Sec. 3. 

One can calculate the algebra of such transformations. The easiest part is 
the action of supersymmetries and special supersymmetries on the 5 scalars 
X a . It is given by 

[5(e 1 (x)),5(e 2 (x))]X a ' = 5 C (£" = 2e 1 (x)^e 2 (x)) X a ' (4.15) 

+5 V (a a ' b ' = 4e l7 a 'S ~ ^ 2l a ' b 'vi) X a , . 

This expression is a convenient way of representing ali the anticommutators 
in ( |3.3| ). Note that the expression for £ M implies 

a" = 2e l7 % , \Z = 2e 1 Y"V2 ~ 2e 2l ^Vi , 

Ad = 2hV2 - 2e 2Vl , A£ = 2^^ ■ (4.16) 



The auxiliary field a is a singlet on ali the fermionic symmetries p7| . The 
algebra is 

[Si, 5 2 ]a = 2e l7 %9 M a + </>(x) = , (4.17) 

which defines the gauge II transformation parameter <p{x) = — 2t\ r )^e 2 d^a{x) 
to be a function of a derivative of the a-field. On field the algebra will be 
most complicated, as it will include ali 3 type of gauge transformations I, II, 
III depending on fields and bilinear in susy and special susy parameters. On 
fermions the algebra will contain terms with equations of motion. Altogether 
this is an example of a so called 'open' and 'soft gauge algebra' K|, which 



often appear in supersymmetric gauge theories, supergravity and conformai 
theories. 'Open algebra' refers to the fact that equations of motion are neces- 
sary to dose the algebra, the algebra is exact on physical states. 'Soft algebra' 
means that the commutators dose with field- dependent structure functions: 

[L iì L j ]=<* j L k , (4.18) 
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dfiC^ 7^ 0. Thus the 'structure constants' of the group are not really Constant 
but are fiele! dependent and therefore space-time dependent. Starting from 
this type of a soft gauge algebra which follows from the symmetries of a given 
Lagrangian, one can define a so called 'hard gauge algebra' where ali fields 
are taken to be Constant (consistent with the field equations). Ali structure 
constants of the algebra become then indeed constants d^A = 0. This can 
be understood as a bona fide algebra. It does not have to be associated with 
any particular Lagrangian and could have a potential of describing theories 
with symmetries of a given supergroup even in absence of a particular field 
theory Lagrangian. The corresponding abstract algebra for the 6-dimensional 
super conformai group was presented in the previous section on pure algebraic 
basis. After identification of the 'soft algebra' from the dynamical Lagrangian 
of the tensor multiplet, one can verify that the 'hard algebra' derived from 
this Lagrangian is exactly the one given in Sec. 3. 

5 Classical action of the M 5-brane. 

The classical kappa-symmetric action of the M 5-brane was discovered by 
Bandos, Lechner, Nurmagambetov, Pasti, Sorokin and Tonin in Lorentz co- 
variant form 0] and by Aganagic, Park, Popescu and Schwarz || in Lorentz- 
non-covariant form. The covariance was achieved in || with the help of an 
auxiliary scalar field and additional gauge symmetries (type II and III). Upon 
gauge-fixing of these additional gauge symmetries a covariant M 5-brane ac- 
tion can be reduced to a non-covariant form Q. 

The form of both actions is rather complicated, the Wess-Zumino term 
was not yet derived in an explicit form and finally there is a technical prob- 
lem associated with different notations, sometimes not fully presented, in ali 
available M 5-brane papers. 

Therefore we will first present a detailed form of the Lorentz covariant 
classical action in a fiat 11-dimensional background together with the com- 
plete set of notations in Appendix A and more details on /t-symmetry in 
Appendix C. We will also give an explicit form of the WZ terms. 
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5.1 The action and its symmetries 

We start from the following fields ori the 6-dimensional world-volume of the 
5-brane. 

X M (x) ; 6{x) ■ B pu (x) ; a(x) . (5.1) 

Here 11 X M (x) and 32 6{x) are coordinates of the 11-dimensional superspace 
which however are not considered as labels only but as dynamical variables 
on the brane. B pv (x) is the tensor field on the brane and a(x) is an auxiliary 
scalar. The action in a fiat 11-dimensional background is 

S M5 = J d 6 x (-yJ-det( giiU + iH% u ) - ^-H^H^ +J M J 7, (5.2) 

The first terni in the action is given as an integrai over the 6-dimensional 
volume and the second term, Wess-Zumino term, is presented in the form of 
an integrai over the 7-dimensional manifold A4?, which has as a boundary 
the 6-dimensional worldsheet, and Ij is a total derivative (see section [5.2D . 
We used the following notations: 

flV = n ffvMN^ ; g = - det g^ 

nf = d,x M - ev M d^e 

H = dB , which is H pup = 3d^B vp] 

H = H - c 3 , which is H pvp = 3d [p B up] - c pvp 

u p = d p a ; u 2 = u p g^ v u v 

M M 2 -i 

*V = -7= > v = 1 

n% = v»H% p , where H% p = ^ft pupaT<j> H^ 

= v p H ± 

I7 = Bjj — ^7YÌ?4 

r 4 = ldev MN deu M u N = dc 3 

R 7 = dc 6 - |c 3 A i? 4 = ^U Ml ...n Ah d9T Ml ...M 5 d9 ■ (5.3) 

Here fi, v indices are raised or lowered with g^ v . The expression i? 4 is d-closed, 
which shows the consistency of the definition of C3, while the consistency of 
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the defìnition of Cq follows from 

2dR 7 + R A Ri = . (5.4) 

Explicit forms of C3 and cq will be given below. It is further useful to introduce 
a notation 



g = v-det(^ + ^V) • ( 5 - 5 ) 

The gauge symmetries of the classical action in 6 dimensions are: 

• locai diffeomorphisms 

• /t-symmetry (infinitely reducible) 

• I, II, III (reducible) 

/) ÓjB^ = 2d^K] ; Sja = 
//) 5 n B^ = ^^(n, v + 2^A ; 6 n a = <p 



III) òuiBiw = fp[ijVv] ; Snia = . (5.6) 



For the zero modes of I, and III, see (4.7). 



Furthermore there are rigid symmetries in 11 dimensions 

• Poincaré (translations with parameter a M and rotations Amn)- 

5 P X M = -a M - A MN X N ; 5 P 6 = -\T MN K MN 6 (5.7) 

For later convenience we took a minus sign for the translations in 11 
dimensions. 

• supersymmetry 

Under rigid space-time supersymmetry and 6-dimensional locai fc-symmetry 
6 £ 9 = e ; 5 e X M = eT M 6 

5 K 6 = (1 + r)« ; 5 K X M = 6T M 5 K 6 . (5.8) 

The auxiliary field a does not transform under e-supersymmetry and k- 
transformations. The matrix V and the K-transformation of B^ v will be 



given in section |5.3| . For giving its e-transformation, we first write 



5 e Ri = ; i? 4 = dc 3 ; 6 e c 3 = dc 2 (e) . (5.9) 
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This leads to explicit expressions 

c 3 = 10T MN d9 (U M U N + 9T M d9U N + \9Y M d99Y N dB 



C2 e 



\eV MN 9 (u M U N + l9T M d9U N + ^9Y M d99Y N d9) 

+ \eY M 9 9Y MN d9 (-§11* - ±9Y N d9) . (5.10) 



We can thus choose the transformation of such that Ti. is invariant under 
rigid supersymmetry: 

S e H = -> 5 e 5 = c 2 (e) . (5.11) 
5.2 The Wess-Zumino term 

Now we will define the Wess-Zumino term. Due to (|5.4j) we have that dlj = 0, 



and [30 



I 7 = dc 6 - ±HRt = d(c 6 - \BR A ) =d(c 6 + \Hc 3 ) . (5.12) 

The Wess-Zumino term can thus also be defined as the 6-dimensional integrai 
of one of the expression in brackets in the equation above. Its normalization 
can be fixed by the requirement that the invariance III should be validQ. We 
have that 

àinH^p = 3Vv?v [lJ ,d v 'il} p] —= ; S nj H* = (5.13) 

8 UI J d^x^gH^H^ = -\ J d 6 x^c*^6 HI H, up = 2 J {S m H)c 3 , 
such that the appropriate normalization is 

Iwz = [ h=\ (c & + \Hc 3 ) 

d x ^ry^ 1 ^ 6 ( c /ii...At6 — 10-^mim2M3 ^4^5/^6 ) • (5-14) 

To get an explicit form for cq, using the above result for c 3 , we have to 
solve 

dc 6 = ^d9T Ml ...M 5 d9U Ml ...n Ms 

+l9T MlM2 d9d9T M3M4 d9(Il Ah . . . n M4 + 9Y hh d9Yl M * . . . n M4 

+\9T Ml d99T M2 d9U M m MA ) . (5.15) 



'Altcrnatively, but more diffìcult, it is fixed by K-symmetry. 



19 



We find the following solution (determined up to total derivatives) 

C6 = eY Ml ... M ^h^ Ml ---^ M '° + ¥ vMldmM2 ---^ M '° 
+^9T M 'deer m deu M m M m M5 

Sb 

+±ÒT Ml d99T M2 d99T M3 d6Il M m M5 
+±9T Ml d99T M2 d99T Mi d99T Mi d9U M s 
+±9T Ml d99T M2 d99T Mi d99T Mi d99T M *d9) 
-9T MlM2 d99T M3M J9(±9T M 'd9Tl M m M m Mi 

+±9T Ml d99T M2 d9U M m M4 



+^9T Ml d99T M2 d99T M[i d9U M4 ) . (5.16) 



Witti indices we thus have 



c^u P = -30l[nvd p ]9 + 



6^ 1 ... w 9 /i8] + ... • (5.17) 

Here we have introduced the notation 

7/, = nfr M ; 7/li , = 7 [m7i/] , . . . . (5.18) 

This accomplishes the derivation of the explicit forni of the M 5-brane action. 

We stili have to show that the M 5-brane action upon gauge-fixing in 
a fiat 11-dimensional background leads to a quadratic action for the tensor 
multiplet which in the quadratic approximation was shown to have a super- 
conformal symmetry. 

5.3 ft-transformations and gauge fixing 

The forni of the K-transformations acting on ali fields is defined by the forni 
of K-transformations acting on 9: 

5 K 9(x) = (1 + T)k(x) . (5.19) 

Here T is a function of fields of the theory: 

7 = g|^^-«7w... w , (5-20) 
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satisfying T 2 = 1. On the remaining fields the K-transformations are 



S K B = \9Tmn8 k 9{Iì m Iì n + 9F M d9U N - \9T M d99T N d9) 
-\9Y M 5 K 99V MN d9{Tl N + l9T N d9) 
5 K U M = 2d9T M 5 K 9 , 5 K a(x) = . (5.21) 

We will summarize a proof of these results in appendix |C]. 

The /t-symmetry defined above is infinite reducible since it is given in 
terms of 32-component spinor k, which however one can change by (1 — 
T)ki(x), for any function K\ since (1 + T)(l — T)k\(x) = 0. 

We first define the irreducible K-symmetries, following |J. The matrix T 
in Q5.20D has square 1, such that the transformations where K is proportional 
to 1 — T are zero modes of ( |5.8| ). To identify the irreducible part, we consider 
first the classical values. We consider the classical solution of the equations 
of motion 

= ; 9 a = Od = ; X a ' = Constant ; = . (5.22) 

Then 

r| d = i\ d = r* ■ (5.23) 

Therefore the irreducible k symmetries are K a , and we put 

|(1 - = ( ° ) = 0. (5.24) 



2 " V K a' / 

The tracelessness and unipotency of T allow to write it in terms of 16 x 16 
matrices as 

°A -C> ) WÌth TrC " = TlC and AC = CA ' ^ 5 ' 25 ^ 

and if A is invertible: B = (1 - C 2 )A~ l = A~ l (l - C' 2 ). With the reduced 
ft-symmetries, we thus have under the fermionic symmetries ( |5.8|) 

S f 9 a = e a + (l + C) a % 

5 f 9d = ed + Ad P K P . (5.26) 
In the classical limit A = and C — 1, therefore one can take the gauge 

K-gauge: ±(1 + T*)0= ( 9 A =0 . (5.27) 
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The corresponding decomposition law isf] 

69 L = k x = (1 + C)- 1 (-e L + ì 7 a'7aA a ' a Aij) , (5.28) 

where we have renamed the remaining fermion is 9 a >, as A, which is then 
right-handed. 

We also gauge-fix the 6- dimensionai diffeomorphisms by 

6- dimensionai diffeomorphisms - gauge : X a (x) = S^x^ . (5.29) 
The resulting decomposition law is : 

sx» = 

= a a + k a b 5 b v x v + k a a iX a ' - e^e - \ Rl a A^ L . (5.30) 

This implies that after the gauge fixing the fields X a ' and A transform under 
the 32 rigid supersymmetries as follows 

5 e X a ' = -2e Ll a 'X R + &X a ') 6fX Rl a (e R + A(l + C)^e L ) 
S e \ R = e R -(A(l + C)- 1 )e L 

+ (d,\ R ) 5%\ Rl a (e fl + A(l + C)- x e L ) . (5.31) 

We further have 

K = 5 l- h a d,\ ; IlJ = d,X a ' . (5.32) 

Due to the chirality restriction of the gauge fixed 6, which becomes now A, 
there are further simplifications. E.g. 

cw = 3A 7a7a %A (25 a u - X-fd„\) d p] X a ' . (5.33) 

After gauge-fixing, we can use in the M 5-brane action (|5.2j ) (action of 
the self-interacting tensor multiplet) 

g,u = V - ha(ó a ,d u + 5 a u d,)X + d,X a 'd u X a ' + (\l a d,\)(\lad u \) (5.34) 

and 

U^p = ZdfrB vp] - 3A 7a7a %A (261 - A 7 °cU) d p] X a ' . (5.35) 

5 For convenience, we indicate here L for left-handed and R for right-handed spinors. 
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The following explicit form of the Borii- Infeld expression Q for what concerns 
the dependence ori Ti* cari be given: 



-det(flw + iH* 



(5.36) 



g (1 - \n%H*^ + \(H%n*n 2 - \{n%n* vp n%n*^\ 



For the Wess-Zumino term we cari write 

1 



d & xel XU Pt TT4> 



6! 



CfAVp<JT(f> 



(5.37) 



where in the expression for cq in ([5.16 ) one has to replace 9 by the chiral 
spinor A, and can use (|5.32|) . 

The action is invariant under the 32 global supersymmetries on the world- 
volume. The supersymmetry transformations for the scalars X a and the 
spinors are given in ( p.31| ) where again A and C have to be taken at the values 
of g^ u and TC^p presented in ( |5.34| ) and ( |5.35|) . The worldvolume supersym- 
metry transformations of can be derived in analogous fashion from its 
K-symmetry, space-time supersymmetry and 6-dimensional diffeomorphism 
transformation. Remark that also a is not inert under these transformations, 
due to óa = ^d^a. The 5*0(10, 1) rotations of the originai theory break 
up in linearly and non-linearly realised symmetries. The linear ones are the 
5*0(5, 1) x 50(5) transformations. The first factor gets from £ M in (|5.30| ) the 



extra contributions such that they are the Lorentz rotations as in section [2J] 
For the 50(5) transformations we have a ab = —A a b . The remaining trans- 
formations in the coset 



SO(10,1) 
50(5,l)xSO(5) 



are non-linear in the gauge-fixed theory. 



5.4 Cutting to the linearized action 

By linearized, we imply that we count powers of X a ' , 9 and B^ w , leaving 
a arbitrary. We keep in the action terms quadratic in these fields, and in 
transformation laws linear terms. We obtain 

-g = -i + \@X-\d,X a 'd»X a , + \Hl u W^ 
c 3 = 

Iwz = Jc 6 = J ^-^h^d^X = J d 6 x X $X (5.38) 
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Putting everything together we have 



'Zin 



d 6 x 



fj,v 2 M 



d,X a d»X a , + 2A 



(5.39) 



For the transformation laws, the remaining parts of the decomposition 
law are: 



[1 + C)k 



a» + M" v x v 



e . 



(5.40) 



The remaining part from the 6-dimensional general coordinate transforma- 
tions are thus the rigid 6-dimensional Poincaré transformations (for the 
spinors they combine with the 6x6 part of the 11-dimensional Lorentz trans- 
formations). There remain also the translations in the extra 5 dimensions, as 
Constant shifts of the X a , and the Lorentz rotations in these 5 dimensions. 
These become the internai symmetry USp(4). The remaining off-diagonal 
parts of the Lorentz transformations remain only as 



àoff-dX c 



-A a "x, 



(5.41) 



Remains the supersymmetry part. We have 

-2e L j a 'X R 



s f x a 



(5.42) 



At the linear level we have 



7 + Vrnc m v 



7 

C 
A 



5\ t Vi U 1*2-1*6 ' a '02-06 



J_ ,AJl.../i 6 TT a ' A a 2---«6^, ,ry 

-1 



0,2- -06 



For the last term, we use ( |A.22| ), and 



4„,<7 



V a V\ a U 



(5.43) 



(5.44) 
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Then we use the second line of ( [4.11 ). This leads to the transformation 



óf\ R = \la' $>X a 'e L - \h+ vp r vp 6L ■ (5.45) 

Thus we have derived the action for the small excitations of the M 5-brane 
from the non-linear action. The supersymmetries of the quadratic action 
follow from the supersymmetries of the full non-linear action (however only 
16 of the 32 are linear supersymmetries acting on the states of the multiplet). 
The special supersymmetries presented in Sec. 3. emerge only for quadratic 
approximation of the full M 5-brane theory. 

5.5 Breaking of superconformal symmetry by self in- 
teraction of the tensor multiplet 

Consider the full non-linear action of the gauge-fixed M 5-brane ( |5.2j ). We 
can expand it around the quadratic approximation 

S = const + J d Q x{-\H%H^- - \{8X a ' f + 2A 0A) + S intcraction . (5.46) 

Interaction terms are cubie, quartic etc. in scalars X a ' , spinors and tensors. 
For example we have terms of the form 

d^X a 'd u X a 'H*^ , d ll X a 'd u X a '\Yd v \ , W^U^dX^f (5.47) 

etc. Ali of these terms are not invariant under dilatation and therefore the 
superconformal symmetry of the free action of the tensor multiplet is lost. 
Another way to see this is to introduce the tension Jj- and rescale every 

field in the tensor multiplet by lp. The quadratic part of the action will be 
independent on lp however, the interaction terms will ali depend on lp\ cubie 
terms will have lp in front, quartic will have lp etc. An interesting question 
which remains is to find out what will happen if the M 5-brane action would 
be quantized in the curved background of 11-dimensional supergravity. This 
would correspond to taking into account terms proportional to lp in the 
background. Is it possible to restore the superconformal invariance of the 
free tensor multiplet in presence of both self-interaction as well as interaction 
to supergravity? This we leave for further investigations. 
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6 M5 as a classical solution of 11-dimensional 
supergravity and conformai symmetry 

One of the most puzzling issues of the current status of our under standing 
of the fundamental theory is the relation between the space-time and the 
worldvolume pictures. Here we suggest a step to uncover this relation: we 
will study the symmetry of the space-time near the horizon and symmetry 
of the quantum field theory on the worldvolume. 

The space-time configuration corresponding to M 5-brane is 



ds 2 



(dxl) + 



1+ i 



dx a , , 



(6.1) 



where p is a parameter and dx a , = dp + p d fi,. Near the horizon, p — > Q 

2 



ds 2 



dx n i 



p. 



-{d<)+ - dp 2 + p 2 d"n 



p, 



(6.2) 



This is the adSj x S* 4 geometry. We introduce the variable w by 

i 



w 



or solving for p: 



p = pw 



Hi 



1-w" 



where f{w) is analytic at w — > 0. Thus 



f(w)w 2 



(6.3) 



(6.4) 



1 

w G 



(6.5) 



For w — * the metric gets the adSr x S 4 form 



ds 2 



w 2 dxl + {2pf 



(6.6) 
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The adSf transformations form the group 5*0(6,2). This can be made 
explicit by defining it as a submanifold of an 8- dimensionai space 

with metric (signature ( — h + + + + H — )) 

ds 2 = dX fi rj fiV dX u - dX + dX~ . (6.7) 
The submanifold is determined by the equation 

X^X" - X + X~ + (2/i) 2 = . (6.8) 
On the hypersurface we will define the coordinates {x^, w} by 

X- = w 

X» = wx" 

(2fi) 2 + w 2 x 2 , x 

w 

The induced metric on the hypersurface is 



ds 2 = w 2 dx 2 + ^-dw 2 . (6.10) 



The 5*0(6,2) is linearly realized in the embedding 8-dimensional space, and 
these transformations, (fi = /i, +, — and A^ u = — A v ^) 

5X A = A^MopX^ = -A^X Ù , (6.11) 



satisfy the algebra ( |2.2[ ). Some of these transformations are then non-linearly 
realized on the 5 + 1 space of the brane. Indeed we get 

Sx" = , (6.12) 

with £ M as in ( |2.5| ), when we identify 



a» = A»_ + ^-A»+ ■ XZ = A" u 

w z 

X D = -A"_ = A++ ; A£ = A^+ = ÌA-" . (6.13) 

Thus we have found that the fact that the geometry of the infinite throat 
is an adSj space leads to the conformai symmetry of the 6-dimensional world- 
volume. 
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7 Discussion 



We have performed here a study of the M 5-brane theory whose small exci- 
tations are associateci with OSp(8*\2N) superconformal theory in d=6. Our 
mairi new results are the following. 

We explained the generic procedure which allows to establish the presence 
of rigid superconformal symmetry in non-gravitational theories in dimensions 
higher than 2. 

We have derived an action of the (0,2) free tensor multiplet in 6 dimen- 
sions. The action has a superconformal symmetry and it is Lorentz covariant 
due to the use of the Pasti-Sorokin-Tonin |2~5] auxiliary field a(x). The precise 



form of the superconformal invariant action is 

£ = -Ih; u H^~ - \{dX a 'f + 2A . (7.1) 

where the two-index field H^ v is a usuai 3-index field strength of the tensor 
field contracted with the derivative of the auxiliary field and * (— ) on H 
mean dual (anti-self-dual) combinations. The Weyl weights and properties 
of fields under special conformai transformations, under supersymmetry and 
special supersymmetry and internai symmetry group can be found in Sec. 4. 

This action was derived as a truncation of the full gauge-fixed M 5-brane 
action. The meaning of scalar fields X a (x) is that they are excitation of 
the five transverse directions of the brane in space-time, the meaning of 
the chiral worldvolume spinors X(x) is that they are excitations of (half) of 
the 11-dimensional superspace coordinates 9(x) and finally, H(x) represent 
a tensor field on the brane which does not have a simple interpretation in 
space time but is necessary to complete the supersymmetric tensor multiplet 
on the worldvolume. The supersymmetry transformations of the free tensor 
multiplet are derived by the truncation of the non-linear supersymmetry, 
however the special supersymmetry emerges only for the quadratic action 
describing the small excitations of the M 5-brane. 

The interaction terms of the M 5-brane action violate superconformal 
symmetry of the free action since they have wrong scaling behavior, e. g. we 
have terms d^X a d u X a X'j fM d u \ etc. 

We have given a detailed derivation of the gauge-fixing procedure for the 
full non-linear M 5-theory with 32 linear-non-linear global supersymmetries. 
This leads to a better understanding of the single M 5-brane dynamics. One 
may try to generalize the gauge-fixing procedure for the case of the non- 
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trivial backgrounds. So far we have only worked in a fiat 11-dimensional 
superspace background. 

Finally we focused on the deep relation between adS? geometry of the M 
5-brane throat and the supergroup generalization of it, which is precisely the 
superconformal algebra of the small excitation of the brane. We explain this 
relation in Sec. 6. 

We have displayed the full superconformal algebra which corresponds 
to the symmetry of the (0,2) tensor multiplet in six dimensions. We have 
presented the OSp(8*\2N) algebra in two forms: first, using a 'triality' of 
SO (6, 2) we gave a manifestly symmetric superalgebra with graded (fermionic) 



bosonic (anti) commutators, see ( 2.18 ). Secondly, we presented the OSp(8*\4) 
superconformal algebra in more familiar form which includes 28 generators 
of SO (6, 2) bosonic conformai symmetries and 16 supersymmetries and 16 
special supersymmetries and also the generators of internai symmetry, an 
USp{4) Ri Spin(h) group, see Sec. 3. We have only studied here the clas- 
sical superconformal algebra since in d=6 even this is much less understood 
than in d=2 and in d=4.[] The next step will be to study the OPE's and 
extract information about correlators of various operators in 6-dimensional 
superconformal field theories. 
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6 Jacques Distler has informed us that he also studied this superconformal algebra and 
its representations (J. Distler, to appear). 



29 



A Notations 



We start from 11-dimensional superspace with coordinates 

Z k = {X M , 9 A } . 
Let us recapitulate a list of indices and their range: 



(A.l) 



M = 0,1,... 


,10 


11-dim. space-time 




A = l,... 


,32 


11 — dim. spinor indices, equivalent with {(olì). 


(ai)} 


a — 1, . 


..4 


chiral 6-dim. spinor indices 




a = 1, . 


..4 


antichiral 6-dim. spinor indices 




z = l,.. 


■ A 


USp(4) indices 




fi = 0,1,.. 


.,5 


curved on the 6-dimensional worldsheet 




a = 0, 1, . . 


.,5 


fiat on the 6-dimensional worldsheet 




a' = 6, . . 


.10 


SO (5) indices 




p, = 0,1,. 


..7 


(6,2) vector indices 




d =, 1, . 


..8 


(6,2) chiral (right) spinor indices. 


(A.2) 



The X M thus reduce to {X^, X a '}, the former being gauge fixed to a; M , world- 
sheet coordinates on the 5-brane. 

The space-time metric r] MN is ( — h . . . +). 

Let us also repeat that ali (anti)symmetrizations are with 'weight 1', e.g. 
A^B V] = \(A^B V - A V B^). 

A.l Decomposing 11-dimensional gamma matrices 
and spinors 

Many aspects about the Clifford algebras in various dimensions can be found 
in |HJ. In 11 dimensions the charge conjugation matrix is C, which is anti- 
symmetric, and CT m is symmetric. Majorana spinors satisfy A = —ìX^Tq = 

and gamma 



X T C. With indices, the matrix C is C AB , and C ab Cqb 

j ^ L> A 1 1 / 1 1 / it iu.' •»!<_.■/ \ i ■ / ii \ / 



matrices are written as (r M )^ B . And let us also repeat the equations which 



are heavily used 



1 (AB CD)N 



1 M (ABI CD) 



MM1M2M3M4 



o r [MiM2 r M 3 M 4 ] 
01 (AB 1 CD) 



(A.3) 
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We now decompose the 32-component spinor index A in {(ai), (a'i)}, 
and simultaneously M in {a, a'}. The a and a' will be chiral and antichiral 
indices in 6 dimensions as we will take a representation where 

r„ = -ror 1 r 2 r 3 r 4 r 5 = ( J _ t ) ® i , (A.4) 

where in the notation with ® the first factor refers to the 8x8 matrix in 
(a, a'), while the second factor refers to the 4x4 matrix in indices i. In this 
sense we take a representation where 

c = (° J;)«n 

r„ = (l ;•)«!; r, = (J _° 1 )» 7 „,, (A.5) 

where Q is the (real antisymmetric) symplectic metric, and there are further 
relations 

ce 1 " = t 

lalb + Ibla = ZVab ! laìb + Ibìa = ^Vab 

~ t ~ / lì = 7a for a yé 

7a = 7o7a7o ; or <^ t 

1 7o = -7o 

c T j a = -7J c implying also c% = -7J c T 

7a'7b' + 7b'7a' = 2<W 

To' = To' ; Tr 7a' = ; = - (Q-f a >) T . (A. 6) 

We then have indeed symmetry of CTm'- 

cv a ={^l a c t° 7 J®«; cr a , = ( c ° T " c )®fì 7 a'. (A.7) 

Finally ( |A.4|) imposes on our representation that 

7o7i72737475 = -H , (A. 8) 

which then also implies 7o7i7273747s = H- 

To indicate our use of indices, we rewrite some matrices from above with 
indices: 

c ! *W ) ' 
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(r] B_( (7a)c/V 

[ a)A "KMcW 

(r) AB_ c AC (r) B_(lfW \ 

where 

c QQ ' = c a ' a = ; c aa 'c a//3 = 6 a /3 : Q tJ = • (A.10) 

The matrix 7a is now the matrix 7(l where the first (lower) index is the 
antichiral a', and the second is a. We then have (for a ^ 0) 

((7a) Q ,T = (7a) a Q \ (A.ll) 

and the indices of this matrix are raised or lowered with c aa ' using the NW-SE 
convention: 

W = c aa ' { la)a , " ; ( 7a ) Q/3 = ( 7o ) a «'c^ . (A.12) 
Remark that the Majorana condition is 

A = \ T C or \ A = \ B C BA = -C AB \ B = —\ A , (A.13) 
using again the NW-SE index contraction. 

A. 2 6-dimensional conventions 

Writing the latter equation on the spinor split in 6-dimensional chiral parts, 
A = ( . a% ), we obtain the 6-dimensional Majorana condition which we will 
adopt 

A w = -i (A i/3 ) f (70)^ a ' = = -A w , (A.14) 

which also applies for indices a and a' interchanged, and where the last 
equation uses raising of indices with NW-SE convention: 

A, = \m 3i ■ X 1 = Q ij Xj . (A. 15) 

We cali a spinor of the form 

A = ( X ™) "left handed" or "positively chiral" . (A. 16) 
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They thus satisfy A = r*À. Note that the Majorana conjugate has the a' 
index (up). 

The charge conjugation matrix in 6 dimensions is c aa , and the gamma 
matrices are the first factor of T a in ( |A.5| ). Writing L and R for left- and 
right-handed spinors we have 

x L r a e L = x Ll a e L ■ x R v a e R = x Rl a e R 
x R r a 'e L = x Rl a 'e L ; x L r a 'e R = -x Ll a 'e R , (A.17) 

such that although T a and T a ' anticommute, r ) a and r ) a ' commute. 
We define 

6012345 = 1 = -e 012345 , (A. 18) 

and we thus have 

e ai --- aM6 -e ai ... amCl ... C6 _ m = -(6 - m)!m!^ . . . 5%- . (A.19) 
It is useful to know the relation 

,.ai...q> _ S * r ai-q fi -, r c, fc = 0,l,4,5 

7 -( 6 _ A ,), e 7a fc+1 ...a 6 l * , fc = 2;3)6 

(A.20) 

where is +1 on left-handed and — 1 on right-handed spinors. We denote 
the dual, self-dual and anti-self-dual of a three index tensor as 

F abc = \tabcdefF def ] F abc = \ (F abc ± F* bc ) . (A. 21) 

Remark that omitting the Q 1 ^ in C this becomes the symmetric charge 
conjugation matrix from 6 dimension. 

As we did already when using explicit indices in the second part of ap- 
pendix |A.1| , we will omit tildes on the 7 matrices when chiral spinors are 



used, as the place where these matrices occur shows automatically which one 
is meant. 

For a left-handed spinor e we have for any antisymmetric tensor F abc : 

F abc r bc e = F+ bc r bc e ; 7^7^ = ^ bd l ah e . (A.22) 
Under complex conjugation we have 

(V)* = (\ l Xi y = XÌ = t\ = A*X, = XA = X X . (A.23) 
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A.3 S0(5) notation 

We can replace USp(4) notation with SO(5). We identify Qij with the charge 
conjugation matrix in 5 dimensions, which is thus real and antisymmet- 
ric. An f2-traceless antisymmetric tensor can then be translated to a 
5-dimensional vector, and a symmetric tensor Z7y to an antisymmetric V a iy\ 

X a ' = ; X* = \i a ' l3 X a , 

Ua>v = yàvUu ; Va = \lt h 'Va<v ■ (A.24) 

Note that this implies 

5u = \a^V l3 = \o?i<if?U a , v = a a ' h 'V a , v . (A.25) 

For vectors and spinors of Spin(h) we have 

6uX a ' = a a ' b 'X b , ; SuX = \u c ' d ' lc , d ,\ . (A.26) 

We will often therefore omit the VSp(4) indices, implying a NW-SE con- 
vention for summation indices: 

Xè = \ i & ; y„< A'(',/Ì,'C, , (A.27) 

so 7 a / matrices are supposed to have their indices in the position {^ a >)é ■ 

When taking Majorana conjugates, j a , jab and 7^5/ are the matrices which 
lead to minus signs. E.g. in a supersymmetry commutator we can only have 
the following structures: 

ei7 a e 2 ; ei7a7 a 'e 2 ; eiToteT ' 6 '^ • (A.28) 

This gives thus the antisymmetric structures between spinors of equal chi- 
rality. For spinors of opposite chirality the symmetric combinations are 

M = £A ; A 7 a '£ = eY'A ; A 7 a ' b W = h a ' b 'la b X . (A.29) 
A.4 (6, 2) Clifford algebra 

The general properties of this algebra can once more be extracted from ]31] . 
We start from the 6-dimensional matrices in ( |A.5| ) (omitting the VSp(4) 
part). The 50(6, 2) indices will be indicated by jj, = 0, 1, . . . , 7, and we use 
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as signature (— + + + + -H — ). The gamma-matrices and charge conjugations 
are 16 x 16 matricesQ 

f„ = (~ ^)®cr 3 ; f 6 = H <g) «ri ; f 7 = t ® (-i)a 2 



\% 

C = ( c ° T C Q S j®a 1 = C T ; {CY ll ) T = Ct^ . (A.30) 

The second factor here is thus not in the internai USp(4) space as in ( |A.5 ), 
but are 2x2 matrices, with o\02 = icrs- To define chirality we first obtain 

t m = -t t 1 ...t r =(^ (A.31) 

We will indicate with a the index of right-handed spinors in 8 dimensions. 
They are composed of a right-handed and a left-handed one in 6-dimensions 
as follows 

m(a>(:)M( a o w!))- (-) 

Its two parts are separated as eigenvectors of 

f 67 = t <8> a 3 . (A.33) 
Further, we have in the chiral subspace, where 

Aa= (\ a ') , (A.34) 



that 



Ve ) * \ t^7„ 

f^7 + f = ( ; f^-f^e^^ Q 7/ ^ . (A.35) 

Let us repeat that we drop the tildes in the main text where these matrices 
act on chiral or antichiral 6d spinors. 



7 We work here in fiat space where 7 M are the Constant matrices 7 a from above. 
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A. 5 Forms and integration 

We define the tangent space components of a generic p-forms, <p p , according 
to 

P = ^---e^</Wi> ( A - 36 ) 

where the wedge product between forms will always be understood. The 
following relations are easily derived, 

dx p0 . . . dx P5 = -e^-^dx ...dx 5 = -e^ 5 d 6 x . (A.37) 

It follows that 

J e p e u e p e a e T e' t> = J d & xe 4,T<Jpul " = - J d 6 x e pupar(t> , (A.38) 
and for the 3-forms H and G 

JGH = I e^eWeV±±GVp#^ = ~\ J d & x^G, vp H* ptJp . (A.39) 

Note also that e.g. in contrast to M we consider the differentials as space- 
time derivatives, commuting with the spinors. 

B More on the conformai algebra 

In the general mie for the transformation of a field, (|2.4j ), appears the Lorentz 
transformation matrix m^, which should satisfy 

m^kirip^j - m P akm iW h j = -rì^ym^j + rj^m^ 1 j . (B.l) 

Note the sign difference between the commutator of these matrices and the 
commutator of the generators, which is due to the difference between 'active 
and passive' transformations. See e.g. also for transformations on a field of 
zero Weyl weight: (transformations act only on fields, not on explicit x p ) 

X^D.P^x) = (5 D (X D )S P (a^-5 P (a^5 D (X D ))cP(x) 

= 5 D {X D )a p d^{x) - 8 P {a^)\ D x^d^{x) 

= a fJ 'd IJl (\ D x' / )d u (f>(x) 

= a p X D d^(x) = XdoPP^x) . (B.2) 
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The explicit form for Lorentz transformation matrices is for vectors (the 
indices i and j are of the sanie kind as /x and v) 



"V/* = -6fo] v ] ff , (B.3) 

while for spinors, (where i and j are (unwritten) spinor indices) 

"V = -%yp» ■ (B.4) 

It is interesting to see how the transformations of derivatives of fields get 
similar to those of covariant derivatives in gauged conformai gravity. E.g. for 
a scalar of weight w (and without extra special conformai transformations) 
we get 

5 c d^(p(x) = ^ u (x)d u d fl (f)(x) +wA D (x)d fl (j)(x) 

-A M ^(x)d v <f>(x)+A D (x)d^(x)-2wA Kli (f)(x) . (B.5) 

If one would consider the covariant derivatives in a locai approach then the 
appropriate covariant derivative is 

D a <f>{x) = e^(d ll -wb fl )(f>(x) . (B.6) 



Due to a 'theorem on covariant derivatives' (see section 2.5 of fL9|) one only 
has to consider some transformations of the gauge fields to obtain the full 
result of its transformation. One discovers that the last line of ( |B.5| ) exactly 
contains these extra terms. 



C Details on M 5-brane and ft-symmetry 

To determine the k transformations, we first do not fix 5 K 9. The transforma- 
tion of X M in ( f).8\ ) is suflicient to determine that C3 transforms as 

S K c 3 = (5j)T MN d6 U M n N + c/(something) . (CI) 

We then fix the K-transformation of B such that it cancels with the second 
term above in S K TC. We thus obtain 5 K B as in ( |5.21| ) and 



S K c 3 = (5j)T MN d6U M U N + \d8 K B 

5 K n = u M m M 'd9v MlM2 5 K e or s K n^ p = Q{5j) 1[llv d p] e . (c.2) 
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This fixes ali the transformations in terms of ó K 8. 

Now calcinate progressively the K-transformations of the objects which 
appear in the action: 

6 K g,u = 4(d ifi e) lu) 6 K e ; 5*>/g = 2y/g{d l ft)>f8 K 

à K R 7 = ^d6T Ah 5Jd6T Ml ... M5 d8Tl A ' h ---Tl Ah 

+^der Ml ... M5 d5 K eu M ^--u M ^ 

5! 

5 K Ri = 2d9T Ml 5 K 9 d6T MlM2 d9U M2 + d9T Ml M 2 d6 K 6H Ml n Ma 

sj 7 = d (~dffr Ml ... M6 6 K on Ml ■ ■ ■ n Ms - \ndev MlM2 5 R ^ M ^ M2 ) 

5 K Vv^ = -\\fu?v*v v 8 K g IMU -> 5 K Vn = \v p v v v p b R g vp 



+H*^ (-2 (d p 6) YÓJ + \v p v°b K g pa ) 

5 K H^ = (5 K H p „ p )v p -H pu ^^ + H pup v a 5 K g pr7 . (C.3) 

We define (inspired by f|], but with some other factors) 

s K (- J d 6 x^-n*^n pu + i wz j = ^-d p em K e 

= ^d p QUn K Q . (C.4) 
2y 



We make use of the expression 7, defined in (|5.20|) , and satisfying 



f = 1 ; 7^+1-^7 = (_)(*+i)(*+2)/2 J_ ^...w,^^ (a5) 
This leads to 

T n = 4 y^ + 67^*^ + 2Ht p H Mp v a) la - 2H* vp H up v»v a 1(T 

= ayi + 6j vp h*^v* - j= g e^^n; a n* XT v^ u , (ce) 

using 

H* aX v T . (C.7) 
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To calculate U p , we make use of 



*p<J 



- (n% + Ih* Xt h; [p k x] ) s k h* p 
g^Kg^ 

+2H* pa v p v u d p e^5J - m m » p d ti 6'f6 K 6 

+2n* pa v^v u d fl e lu 5 K e - m* w d^ a 5 K e] . (c.8) 



1 1 n_j*p(T 3 i/*Ati_/* nj* n_j*p(T 



This leads to 
U p 



4 7 M _ A^^r^^ 
~2 n n (f>[u n pr] 



4Hl p H* pp Y - rt€ oa U fpa v p v v lv 



per- 



^^ A 7 W - H* vp ^ p + 47f" ip 7 



*pp V 



The quantities T M and £7 M are related by 

U p = T p p with p = 7 + ±^7^ - I^^^K^ 



The quantity p squares to 



g 



The kappa invariance thus requires 



^d p 6T p (l 



This leads us to define 



r 



\[g 



p]s K e = o 



p > 



(C.9) 

(CIO) 
(C.ll) 

(C.12) 
(C.13) 



consistent with T 2 = 1. Indeed, then invariance is obtained by the rule (|5.19 ), 
and T is given by ( |5.20 ). 



39 



References 

[1] R. Gùven, Phys. Lett. 276B (1992) 49. 

[2] G.W. Gibbons, G. T. Horowitz, and P.K. Townsend, Class. Quantum 
Grav. 12 (1995) 297; |hep-th/9410073 . 

[3] I. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. Sorokin, and 
M. Tonin, Phys. Rev. Lett. 78 (1997) 4332. 

[4] M. Aganagic, J. Park, C. Popescu, and J. H. Schwarz, Nucl. Phys. B496 
(1997) 191; |hep-th/9701166| . 

[5] PS. Howe and E. Sezgin, Phys. Lett. B390 (1997) 62; |hep-th/9611008| ; 
PS. Howe, E. Sezgin, and P.C. West, Phys. Lett. B399 (1997) 49; [hep^ 



th/9702008 



[6] R. Kallosh, "Worldwolume supersymmetry," |hep-th / 9709069| , and 
"Quantization of P-branes, D-P-branes and M-branes," in proceedings 
of Strings '97, Amsterdam, [hep-th/ 9709202 . 

[7] A. Strominger, Phys. Lett. B383 (1996) 44; |hep-th/951205S . 

E. Witten, Nucl. Phys. B463 (1996) 383; |hep-th/95122T9 . 

[9] N. Seiberg, "Notes on theories with 16 supercharges," lectures presented 
at the Jerusalem winter school on Strings and Duality, to appear in the 
proceedings of the Trieste spring school, march 1997; |hep-th/9705"TT7| . 

[10] J. Brodie and S. Ramgoolam, "On matrix models of M five-branes," 
|hep-th/971100T . 



[11] P. S. Howe, G. Sierra, and P.K. Townsend, Nucl. Phys. B221 (1983) 
331. 

[12] G. W. Gibbons and P. K. Townsend, Phys. Rev. Lett. 71 (1993) 3754 ; 
|hep-th/9307049 . 



[13] J. Wess and B. Zumino, Nucl. Phys. B70 (1974) 39. 
[14] E. Sezgin and Y. Tanii, Nucl. Phys. B443 (1995) 70; frep-th/9412163 



40 



[15] E. Bergshoeff, E. Sezgin, and A. Van Proeyen, Nucl. Phys. B264 (1986) 
653. 

[16] M. Gùnaydin P. van Nieuwenhuizen, and N.P. Warner, Nucl. Phys. 
B255 (1985) 63. 

[17] H. Nicolai, E. Sezgin, and Y. Tanii, Nucl. Phys. B305 [FS23] (1988) 
483. 

[18] M. Kaku, P.K. Townsend and P. van Nieuwenhuizen, Phys. Lett. 69B 
(1977) 304; Phys. Rev. D17 (1978) 3179; 

S. Ferrara, M. Kaku, P.K. Townsend, and P. van Nieuwenhuizen, Nucl. 
Phys. B129 (1977) 125; 

B. de Wit, in ' Supergravity '81\ eds. S. Ferrara and J.G. Taylor (Cam- 
bridge Univ. Press, 1982). 

[19] A. Van Proeyen, in ' Supersymmetry and Supergravity 1983\ ed. B. 
Milewski, (World Sdentine Pubi. Co., 1983), p. 93. 

[20] A. Salam and E. Sezgin, Supergravities in Diverse Dimensions, North- 
Holland/World Sdentine, 1989. 

[21] G. Mack and A. Salam, Ann. of Physics 53 (1969) 174. 

[22] A. Van Proeyen, in ' Developments in the Theory of Fundamental In- 
teraction^ ^ Proc. 17th Winterschool Karpacz, eds. L. Turko and A. 
Pekalski, Harwood Acad. Pub., 1981, pp. 57. 

[23] W. Nahm, Nucl. Phys. B135 (1978) 149. 

[24] R. Haag, J.T. Lopuszansky, and M. Sohnius, Nucl. Phys. B88 (1975) 
257. 

[25] G. Dall'Agata, K. Lechner, and M. Tonin, |hep-th/97l0T2T| . 

[26] P. Pasti, D. Sorokin, and M. Tonin, Phys. Rev. D55 (1997) 6292; |h"ep~ 



th/9611100 



[27] E. A. Bergshoeff, R.E. Kallosh, M.A. Rakhmanov , Phys. Lett. B223 
(1989) 391. 

[28] M.F. Sohnius, Z.Phys. C18 (1983) 229. 



41 



[29] J.A. de Azcàrraga, J.P. Gauntlett, J.M. Izquierdo, and P.K. Townsend, 
Phys. Rev. Letters 63 (1989) 2443. 

[30] A. Candiello and K. Lechner, Nucl. Phys. B412 (1994) 479. 

[31] T. Kugo and P.K. Townsend, Nucl. Phys. B221 (1983) 357. 



42 



